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Abstract  
Real Time Array PCR (RTA PCR) is a recently developed biochemical technique that measures 
amplification curves (like with quantitative real time Polymerase Chain Reaction (qRT PCR)) of a 
multitude of different templates in a sample.  
It combines two different methods in order to profit from the advantages of both, namely qRT 
PCR (real time quantitative detection) with microarrays (high multiplex capability). This enables 
the quantitative detection of many more target sequences than can be done by qRT PCR. 
Thereby, the concentration of many different target molecules originally present in a sample 
can be measured. Labelled primers are used that are first elongated to form labelled amplicons 
in the bulk and these can hybridize to capture probes immobilized on the surface of the 
microarray. During each PCR cycle, there is a time window available during which the formed 
labelled amplicons can hybridize to the target sequences (capture probes) on the microarray 
surface. By detection of the fluorescence of the spots on the microarray, amplification curves 
comparable to qRT PCR are obtained, which can be used to deduce the information needed on 
the presence and the amount of targets originally present in the sample. 
We present a mathematical model that provides fundamental insights in the different steps of 
Real Time Array PCR (RTA PCR). These findings can be used to optimize the different 
biochemical processes taking place. 
At the microarray surface specific molecules are captured and taken away from the solution, 
causing a concentration gradient that powers a material flow towards the microarray surface. 
Only labelled strands of the amplicons are captured by probes on the microarray surface and as 
a result locally the PCR process is not symmetric anymore. Moreover, in course of the process 
more and more single stranded DNA renatures, leaving relatively less strands and complexes 
available for hybridization.  
The main conclusion is that surface fluorescence scales with the bulk concentration of the 
targets involved. Our analysis shows that the    value is only slightly dependent on the initial 
enzyme load and the degradation of the capture probes. The    value, however, does depend 
strongly on the rate constants of the annealing/hybridization reactions in the bulk and on 
surface. Local asymmetry appears to be a minor effect. 
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1 Introduction 

 
Real Time Array PCR (RTA PCR) is a recently developed biochemical technique to measure real 
time amplification curves of a multiple of different templates in a PCR sample (Remacle et al., 
2006; Remacle et al., 2007; Khodakov et al., 2008; Pierik et al., 2011). It combines the real 
time access to process data as provided by Real Time PCR (qRT PCR) and thereby quantitative 
information on the initial number of target molecules present in the sample and the high 
multiplex capability of a microarray based assay. In qRT PCR TaqMan probes, molecular 
beacons or intercalating dyes are used that become fluorescent in the course of the 
amplification reaction. The detected fluorescence increase in the bulk is a direct measure for 
the amount of amplified templates. To quantify the fluorescence increase, the cycle threshold 
value (  -value) is used, defined as the cycle number during which the signal has increased 
above the background value. The larger the value of    of a certain constituent, the lower its 
expression (initial concentration). For array based methods often fluorescently labelled 
amplicons are being detected, which are formed during amplification by elongation of a 
labelled primer.  
 
 

 
 
Figure 1   Concept of Real Time Array PCR (RTA PCR). During annealing in course of time 
labelled amplicons hybridize with capture probes immobilized on the array surface. Fluorescent 
molecules are indicated by black dots. 
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Figure 1 outlines the concept of RTA PCR. In the bulk, like in normal qRT PCR, a three-step 
amplification reaction is running. On the microarray surface, a different process namely surface 
hybridization, takes place in parallel.   
During the high temperature step, all double stranded DNA is denatured. Subsequently during 
the annealing phase, next to bulk reactions like formation of binary complexes of primers and 
amplicons on the one hand and the formation of tertiary complexes involving the enzymes and 
the binary complexes followed by elongation on the other hand, labelled amplicons hybridize to 
the microarray surface. At the end of the annealing step, the surface fluorescence is measured. 
After annealing the temperature is raised and the elongation that already started slowly during 
annealing, increases in rate. All binary and surface complexes most probably will melt, only 
tertiary complexes will survive. After the elongation phase the temperature is raised again and 
all double stranded DNA falls apart into single stranded DNA. This process is repeatedly done 
during a number of consecutive PCR cycles. Per cycle the concentration of amplicons increases 
and more and more labelled amplicons (targets) are captured by specific probes immobilized in 
spots of the microarray. After each anneal/ hybridization period the fluorescent spot pattern is 
scanned. In this way the dynamics of the Real Time Array PCR process are followed real time. 
Real time amplification curves of all spots can be created by plotting the fluorescence of each 
individual spot as a function of the PCR cycle number. 

 
From a biochemical process technology point of view, there are specific differences between 
the Real Time PCR (qRT PCR) process and the Real Time Array PCR (RTA PCR) process.  
Real Time PCR is a bulk process, since everywhere the same process is running under the same 
conditions. Real Time PCR is a symmetric process, provided the mix starts with equal amounts 
of reverse and forward primers. Furthermore, qRT PCR is a transient process. The timing of the 
different steps must be chosen such that at the end of each step a steady state is reached. This 
means that during annealing all amplicons have reacted with primers to form secondary 
complexes and subsequently tertiary complexes with enzymes, that all primers have been 
elongated and that during denaturation all double stranded DNA has been decomposed into 
single stranded DNA. Real Time Array PCR is not only a bulk process, because at the microarray 
surface specific molecules are captured and taken away from the solution, causing a 
concentration gradient that powers a material flow towards the microarray surface. This 
concentration gradient develops over time.  
 
Since the capture probes are only complementary to and hybridize with the labelled strands of 
the amplicons, the unlabelled strands will be available in larger concentrations close to the 
microarray surface leading to an asymmetry in the concentration of sense and antisense 
strands at that location.   
 
Finally, because of the surface reaction, another time constant has entered the scene, namely 
the time it takes before the surface concentration has reached a steady state that will allow for 
a precise detection of the surface fluorescence. 
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1.1 Description of set-up 
 
For modelling the reactions taking place, experimentally related parameters need to be given. 
These are derived from typical experimental data (Pierik et al, 2011). 
Usually, a RTA PCR is carried out in a differently shaped reaction chamber than a standard PCR 
well, since one of the surfaces needs to contain a flat microarray. In order to have comparable 
volumes, a disk shaped reaction chamber that measures 5.5 mm across and has a height of 1 
mm can, for example, be considered. Its volume equals 25 µl (25*10-9 m3), with one of the flat 
faces of the reaction chamber carrying the microarray pattern. The material used for making 
the cartridge containing the reaction chamber is typically glass, since most of the microarray 
slides are made of glass. Capture oligonucleotides are dissolved to concentrations of 3 *10-3 

mol/m3 and are ink jet printed in square or hexagonal patterns. The wet volume (usually 1 nl) 
dries to a spot of around 200 µm diameter. Such a spot contains 1.8*109 probes, having a 
surface density of probes equal to 5.75*104 probes/µm2. The probes are fixed to the microarray 
surface by UV exposure. It should be mentioned that not all printed capture probes are 
immobilised and will be washed away leaving a somewhat lower surface density behind (Pierik 
et al., 2008).   
 
A typical process that we use as a starting point for the mathematical experiments runs as 
follows. The content of the reaction chamber is subjected to temperature cycling: during 10 
minutes a hot start at 95 °C, followed by 60 cycles of 120 seconds at 55 °C (annealing and 
hybridization), 40 seconds at 72 °C (elongation) and 20 seconds at 95 °C (denaturation or 
melting). During the last 20 seconds of the annealing step the fluorescent pattern of the 
microarray is scanned.  

 

Apart from the degradation of the activity of enzymes in the bulk due to thermal cycling 

(Sambrook and Russell, 2001), adsorption of enzymes or other reaction components to the wall 
of the glass reaction chamber of the Real Time Array PCR set-up may be a point of concern. 
Proteins and enzymes generally adsorb onto glass surfaces (Erill et al, 2003; Potrich et al, 
2010). The material used for qRT PCR vials is usually a biocompatible and inert polymer, which 
is optimized to have a low interaction with proteins and enzymes. The shape of the vial is such 
that the surface area per unit volume is small; the flat reaction chamber of the Real Time Array 
PCR cartridge is in that respect less favourable. Though BSA is added to reduce surface 
adsorption, it may not prevent fully that part of the reaction components and especially the 
enzymes adsorb onto the glass surface. 
 
The scope of the present paper is as follows. We start with setting up a concise theoretical 
framework for the qRT PCR process, because the outcomes of this analysis will act as initial and 
boundary conditions for the hybridization process at the microarray surface. We continue with 
analysing the hybridization kinetics at the microarray surface and the consequences of the 
surface hybridization on the concentration gradients in the fluid above the microarray surface. 
Here we will assume that only single stranded DNA can hybridize. This despite the fact that the 
primer sites and the capturing site on the amplicon are in general non-overlapping. But the 
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tertiary complex of a single stranded DNA with a primer and enzyme is to a large extent 
sterically hindered, meaning that hybridization with a capture probe immobilized at the array 
surface will be most unlikely.  
 
 

1.2 Nomenclature  

 
 :   radius semi-spherical dome [m] 
 :   radius spot [m] 
  :  cycle number at which fluorescence is above threshold [-] 
  :  dimensionless concentration [-] 
 :   molar concentration [mol/m3] 
         : initial concentration of templates at the start of the PCR process [mol/m3] 

  :  initial concentration at the start of the annealing/hybridization phase [mol/m3]  
     :   molar concentration species   (labeled sense ssDNA) [mol/m3] 
     :   molar concentration species   (unlabeled antisense ssDNA) [mol/m3] 
    :   initial concentration Taq polymerase  [mol/m3] 

      :  concentration dNTP’s during process [mol/m3] (for each dNTP’s : assuming equal 
 consumption of dATP, dCTP, dGTP and dTTP, total concentration of 
triphosphates 4      ). 

       :  initial concentration dNTP’s [mol/m3] (for each dNTP’s : dATP, dCTP, dGTP and 
dTTP, total concentration of triphosphates 4       ), typically our protocol uses 
0.2 mol/m3 per dNTP. 

        : concentration of dNTP’s needed to elongate all available tertiary complexes 
[mol/m3] 

   :   initial concentration at the start of the PCR process of forward and reverse 

primers [mol/m3] (total initial concentration primers 2   , typically    =0.3*10-3 

mol/m3) 
   :   concentration forward primers during annealing [mol/m3]  

   :   concentration reverse primers during annealing [mol/m3], typically         

 :   diffusion coefficient [m2/s] 
 :   PCR efficiency 
           : elongation factor 

    :   fraction reduction of active enzyme per cycle [-] 

       :  fraction reduction of active probes on the microarray per cycle [-] 
    :   coefficients used for the radiation transfer coefficient [1/m] 
  :  Michaelis-Menten constant for elongation reaction [mol/m3] 
 :   annealing rate constant for formation of binary complexes of ssDNA with 
  primers [m3/s/mol] 
    :   association rate constant Langmuir surface reaction [m3/s/mol] 
     :   dissociation rate constant Langmuir surface reaction [1/s] 
      :  annealing rate constant for formation of dsDNA [m3/s/mol] 
 :  number of bases in amplicons [-] 
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 :  re-use factor Taq enzyme during annealing phase [-] 
 :  complexity [-] 
     :   number of base pairs to be elongated [-] 
  :   molar flux species in  -direction [mol/m2/s] 
 :   cycle number [-] 
         :  Avogadro’s number [6.022*1023 /mol] 

      :   number of templates captured on spot surface [-] 

       :  number of probes in spot [-] 

    :   elongation rate constant [mol/m3/s] 
        :  elongation rate constant at 55 °C [mol/m3/s] 
        :  elongation rate constant at 72 °C [mol/m3/s] 

 :  radial co-ordinate measuring the distance from the centre of the spot surface 
[m] 

      :  reach of diffusion process measured from dome surface [m] 
 :  time [s] 
    :  annealing/hybridization time [s] 

           : elongation time [s] 

 :   fraction of hybridized probes [-], spherical co-ordinate [rad] 
 :  spherical co-ordinate [rad] 
 :  time constant annealing process [s] 
 
 
 

2 Mathematical modelling and main assumptions 

 

We split the mathematical modelling of the Real Time Array PCR process in a number of steps: 

 First we list the chemical reactions taking place during the different temperature steps in 
order to define the different reactions approximately right, without going into too much 
detail. Here we refer to (Wetmur and Davidson, 1968; Schnell et al., 2000;  Whitney et al., 
2004; Gevertz et al., 2005; Booth et al., 2010). 

 Then we give the different rate equations describing the time evolution of the chemical 
reaction equations listed. 

 We solve the equations describing the rate of change of the different species in the bulk. 

 The bulk concentrations will be used to solve the kinetic equation describing the 
hybridization process. Here we will make the assumption that only free single stranded 
DNA will  hybridize to capture probes immobilized at the array surface. Although the 
hybridization site and the primer site of the amplicon do not overlap, due to steric 
hindrance it is most unlikely that the secondary and/or tertiary complexes will react with 
the capture probes.  

Typically, the RTA PCR process starts with a hot start which has two functions: next to the 
activation of the hot-start enzyme, it  ensures that all dsDNA especially the template molecules 
are denatured. This situation will be the initial condition for the first cycle of annealing in the 
bulk and hybridization at the microarray surface during 120 seconds at 55°C, elongation during 
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40 seconds at 72 °C, followed by a short denaturation step during 20 seconds at 95 °C (see also 
figure 1). The now changed concentrations of the different species will be the initial conditions 
for the next round of annealing and hybridization, elongation and denaturation and so on. The 
main result of our analysis will be the evolution of the number of hybridized targets on a spot of 
the microarray at the end of the annealing step, determined cycle after cycle. We also will 
follow in course of time the number of amplicons captured during the whole 
annealing/hybridization step. 
It should be noted that initially the concentration of templates is very low. A template is 
typically a long DNA fragment of which during amplification only a small part, called the 
amplicon, will be amplified. After a number of cycles the concentration of original templates is 
negligible with respect to the concentration of short stranded amplicons.   
 
The main assumptions of our analysis are: 

 Only free single stranded DNA hybridizes with complementary capture probes 

immobilized on the microarray surface 

 We consider only forward reactions 

 Primer–dimer formation is neglected 

 The formation of tertiary complexes of binary complexes with enzymes is much faster 

than the anneal reactions, tertiary complexes are elongated also fast delivering dsDNA 

and enzymes that can react, shifted in time, with other binary complexes many times.   

 The Taq enzyme driven consumption of dNTP’s during elongation is governed by 

Michaelis-Menten kinetics 

 Surface hybridization follows Langmuir kinetics 

We have included  

 Different annealing rate constants for the formation of binary complexes and 

renaturation during the annealing phase 

 Elongation takes place during the annealing phase and the elongation phase.  

 Reuse of enzymes during annealing phase.  
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3.1 Basic reaction equations  

 
During denaturation dsDNA splits into equal amounts of single stranded ssDNA (sense and 
antisense). In the following sense ssDNA is referred to as species   and likewise antisense 
ssDNA as species   (the red dots indicate the presence of a fluorophore attached to species  ): 
 
 

 
               (1) 

 
 
After denaturation, the temperature is lowered to the annealing temperature (e.g. 55°C) and a 
number of processes start in parallel. In the bulk ssDNA reacts with primers to form binary 
complexes, moreover species   and species   react with each other again (renaturation) to 
form dsDNA (Whitney et al., 2004). All reverse primers are labelled. We have assumed that the 
primers are designed such that they do not form primer dimers. So we have: 
 

 
 

          
 

                            (2) 

 
                         

 
 
During initial cycling, the complex formation is the preferred reaction because of the vast 
excess of primers compared to the initial load of templates. At the end of the Real Time PCR 
process the situation is reverse, the preferred reaction the formation of dsDNA because the 
system is running short of primers. More extended descriptions of the reactions involved in 
Real Time PCR can be found in (Gevertz et al., 2005; Booth et al., 2010).  
 
The binary complexes react with polymerase enzymes to form tertiary complexes: 
 

                                                (3) 
 
 
Already during the annealing phase elongation of primers starts at a low  rate (40% of maximal 
rate, see product information of (Invitrogen, 2011)): 
 
 

                                                    (4) 
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The polymerase liberated by this reaction will be involved again, shifted in time, in other 
reactions described by (3) and (4). 
 
On the spot surface we envision the capturing of only free species  : 

 
 
 

                                                      (5) 

 
 
All other reactions involving capture probes with binary or tertiary complexes are unlikely 
because of the steric hindrance effect of the primers and enzymes on the hybridization 
reaction, especially for the short strands considered in this paper (molecular weight binary 
complex (100 bases amplicon and 30 bases primer) roughly 60-70 kDa, Taq enzyme 94 kDa). 
At the elongation temperature binary complexes and complexes formed at the array surface 
will most probably melt. The tertiary complexes still left in the solution are sufficiently stable 
and will be elongated, delivering the final yield of the PCR process. 
Next the system will be heated to 95 °C, all double stranded DNA molecules in the bulk 
denaturize. Also complexes in the bulk that still did not elongate fully will be split into ssDNA 
and longer primers (Whitney et al., 2004). In our analysis we assume full elongation and 
neglect the possible presence of incompletely elongated primers. The temperature is lowered 
to 55°C and the whole procedure is repeated again and again, which we limit here to 60 cycles. 
After each anneal/hybridization step the captured molecules on the surface of the microarray 
are “counted” by measuring the fluorescence per spot. 
 
Two other reactions must be mentioned: 

 During temperature cycling part of the polymerase will lose its activity (Sambrook and 
Russell, 2001, Invitrogen product data, 2011). The enzyme half time at 95 °C is 40 
minutes and at 97.5 °C  only 5 minutes. During thermal cycling the mix stays at 95 °C for 
20 seconds per cycle, including the hot start and 60 cycles in total 30 minutes. We 
estimate per cycle an activity decrease by about 1 %. This is expected to be higher 
compared to qPCR due to the fact that the temperature control of the RTA PCR set-up 
may not accurate enough to guarantee that the temperature always is at most 95 °C. 
Also part of the enzymes may be caught by the walls of the reaction chamber and will 
lose activity (Erill et al., 2003; Potrich et al., 2010). Different numbers of the 
degradation of the enzyme are listed in literature (Gevertz et al., 2005; Whitney et al., 
2004). In this paper we will use a total loss of enzyme activity of 2% per cycle in our 
analysis following (Whitney et al., 2004). 

 During thermocycling the capture probes may be damaged or detached, leading to a 
lower number of capturing sites on the microarray surface. Another mechanism can be 
envisioned as well: fouling of the microarray surface. We assume that no degradation of 
capture probes is the standard situation. We will give an example what happens when 
an increasing percentage of the capture probes lose their capturing ability per cycle.   
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3.2 Rate equations 

 

3.2.1  Bulk reactions 

 
We start with analysing the bulk reactions taking place in the PCR chamber first, so for the time 
being we neglect the influence of the hybridization reaction between targets and capture 
probes at the microarray surface. The concentrations of species   and   decrease in course of 
time according to (Wetmur and Davidson, 1968, Whitney et al., 2004): 

 
 

   
  

                       
   

  
                    

(6) 
 

The consumption of species   is governed by two processes, the formation of complexes of 
amplicons with primers (controlled by the rate constant  ) and the formation of dsDNA 
(controlled by the rate constant       ). All the time it holds (primer-dimer formation 
neglected, PCR reaction is symmetric in species   and  ): 

 
 
                                                        

(7) 
 
Note that     is the concentration of the primers at the start of the process.  The initial 

concentration of the templates in the PCR mix           is very small. In course of the process 

the initial concentration of templates can be neglected. These conditions cause the second 
order reaction equations to turn into Riccati type of equations (Szabo 1959):   

 
 

   
  

                     
      

   

  
                     

  

(8) 
 

The concentration denatured dsDNA follws from: 
 

       

  
            

(9) 
 
Because of conservation of species (either   or  ) the concentrations of secondary complexes 
read (   concentration of either species   or   at the beginning of the annealing/hybridization 
phase):   
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(10) 
         

                       

 
 
Following (Whitney et al., 2004), the formation of tertiary complexes is fast, especially during 
the start of the PCR process because of the excess of enzymes with respect to the number of 
amplicons. These tertiary complexes react further to form dsDNA and enzymes. During 
elongation, the rate of consumption of dNTP’s used for elongation  is described by the so-called 
Michaelis-Menten kinetics  (Schnell et al., 2000; Gevertz et al., 2005; Truskey et al., 2010): 
 

 
      

  
  

          

        
 

(11) 
 

Where       is the maximum reaction rate and    the Michaelis constant for the enzyme 
controlled process of adding dNTP’s to the tertiary complexes. 
In case the enzymes lose activity during cycling,         is given by (  cycle number and      

fraction decrease activity): 
 
 

                      

(12) 
 
In our analysis we will use two values for     , namely one valid for 72 °C:           and 
another one for following the elongation of the primers at the anneal temperature of 55 °C: 
          . 
 
 

3.2.2 Surface reactions 

 
In the neighbourhood of the spots of the microarray the diffusion is essentially three 
dimensional. We can simplify this picture by assuming the concentration profile to be 
axisymmetric. As a thought experiment we replace the flat spot by a spherical cap (dome) with 
the same surface area (keeping the surface density of capture probes identical); the only co-
ordinate that remains is the distance   from the centre of the spherical cap (spherical 
symmetry, see figure 2). The geometrical data of the dot radius   and the radius of the 
spherical dome   are related by: 
 

           
 

√ 
 

 

 
 √  

(13) 
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The components of the diffusion equation (being Fick’s second law) are defined with respect to 
a spherical co-ordinate system:       (Bird et al., 2002) . The only component that remains 
after carrying out the steps outlined above is the  -component.  
 

 
 
 
Figure 2   Definition of substitute semi-spherical dome carrying the capture probes. The surface 
areas of the spherical cap and the original spot surface are equal. 
 
In order to understand the hybridization kinetics at the spot surface we use the Langmuir 
kinetic model (Gao et al., 2006; Fiche et al., 2007, Mocanu et al., 2008; Squires et al., 2008; 
Mocanu et al., 2009) (  fraction of hybridized probes at the spot surface with respect to the 
total number of capture probes,      and       association and dissociation rate constants and 
     the concentration of targets in the bulk at the surface of the spot): 
 

  

  
                      

(14) 
 
Initially (in terms of number of cycles) the fraction of hybridized targets is very small (no 
competition) and the Langmuir kinetic equation can be approximated by: 
 

  

  
          

(15) 

 -axis 

Spot with 
capture 
probes 

Initial concentration    

 -co-ordinate 
Substitute dome with 
equal capture probe 
density 
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Which equation can be rewritten in terms of molar flux as: 
 
 

                   

      
               

       

         

 

    
 

(16) 
 
In the bulk the molar flux of the targets is given by (Fick’s first law (Bird et al., 2002)):   
 

     
  

  
 

(17) 
The flux boundary condition at      is given by: 
 
 

  

  
     

    

 

       

         

 

    
           

(18) 
 

  
    

 

       

         

 

    
 

 

In case a certain percentage of the probes become inactive during thermal cycling, this will 

affect the radiation condition since its value depends on the number of probes (with         the 

fraction degradation, here it is tacitly assumed that      does not depend on the surface 

concentration):  

  

  
             

      

(19) 

The concentration of targets is the concentration of free ssDNA. 
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3.3 Solutions of the rate equations 

 
 
In this paragraph, the solutions for the Real Time PCR process (section 3.3.1) and for the Real 
Time Array PCR process (section 3.3.2) are derived. Section 3.3.3 describes additional material 
data needed for solving the equations. Typical examples of the outcomes and the results of a 
parameter study are given in the results paragraph 4. 
 

3.3.1 Solutions for Real Time PCR 

 

The rate at which the concentrations of both species   and   decrease are given by Riccati type 
of equations (8) of which the solutions are (Szabo, 1959): 
 

   
   

[  
             

    
]        

             
    

      

(20) 

   
   

[  
             

    
]        

             
    

 

    
 
(    and     are the concentrations of species   and   at the beginning of the 
annealing/hybridization phase).   
Because of the fact that the PCR reaction is symmetric in species   and species   at the start of 
each hybridization/annealing step it holds: 
 

           
(21) 

 
Upon substitution of the exact solution (20) into the rate equation for dsDNA (9) we find for the 
concentration of dsDNA as function of time: 
 
 

       
  

 

   

      

 
(
     

   
 

  (               )

   
 

 

  
 

 

               
   ) 

(22) 
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For long times the concentration of dsDNA goes to a constant value given by: 
 
 

              
 

 

  
 

   

      

 
 

(23) 
 
The concentrations of          and          can be calculated using equations (10). 
 
As mentioned earlier the enzymes react fast  with the binary complexes, to form tertiary 
complexes. These tertiary  complexes react fast with the dNTP’s available is excess in the 
solution to form dsDNA. After full elongation the enzyme is freed and is available again for 
forming tertiary complexes with available binary complexes.  
At the end of the annealing/hybridization phase at        , the temperature is raised to the 

elongation temperature, all anneal reactions stop, captured amplicons will detach from the 
array surface and binary complexes (when still present) will melt.  
 
The rate of consumption of dNTP’s is given by the Michaelis-Menten equation (11).  
 
After the elongation phase the temperature is raised again to 95 °C and all dsDNA molecules 
are denatured.  
 
The amplification process is subjected to four limiting effects, namely: 

 the anneal time and elongation time are too short to elongate all available tertiary 

complexes, 

 the depletion of primers available for making complexes, 

 the depletion of enzymes available for forming tertiary complexes, 

 the depletion of dNTP’s that have been consumed during elongation. 

For all cases discussed in this paper we assume that the PCR process stops because of depletion 
of primers and/or enzymes and that dNTP’s are present in more than sufficient excess. 
Elongation takes place already during the annealing phase and at a higher rate during the 
elongation phase.  
The concentration of tertiary complexes at the end of the annealing phase becomes: 
 
 

          
(    )           

(    )  
                

      
 

     

        
 

 (24) 
 
(      denotes the concentration of each of the four dNTP’s during process. Because of the 
excess concentration the concentration of dNTP’s is a slowly decreasing function of time, the 
mean value at the start of the annealing process is used here, assuming equal numbers of dATP, 
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dCTP, dGTP and dTTP in amplicons and primers.              is defined by formula (12)).  

When the concentration calculated according to (24) is negative full elongation has been 
reached already during the annealing/hybridization phase. If not, elongation continues during 
the elongation phase. At the end of the elongation phase the concentration tertiary complexes 
follows from: 
 

          
(           )           

(    ) 

(25) 

 
                

      
 

     

        
 

                       

      
 

     

        
 

 
 
Likewise as for the annealing we can conclude that when the concentration tertiary complexes 
at the end of the elongation phase is negative, full elongation of the primers has been achieved 
(             ). If not, there is no complete elongation and the elongation factor              

is defined by: 
 

            
         

(    )            
(           )

         
(    )

 

(26) 
 
With this in mind the effect of the elongation process of the bulk PCR in terms of the 
concentration of species   at the end of the denaturation phase at 95 °C can be described by: 
 
 

      (    )        (    )             {          
(    )           

(    )} 

 

                         
(    ) 

(27) 
 
Because of symmetry a similar expression holds true for species  .  
Let us discuss the effect of the depletion of primers. The above description holds true as long 
as: 
 

         
                 

(28) 
 
When not enough primers are available to anneal to all strands available we get after 
elongation: 
 

                            (      )                 (      ) 

(29) 
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Another limiting condition is the amount of available enzyme molecules. Here the fact that 
enzymes can be reused many times must be taken into account. This will be modelled by 
introducing a reuse factor  . The rate at which an enzyme is able to build dNTP’s into a tertiary 
complex is 20-100 dNTP/s at 72 °C (for 55 °C the rate is about 0.4 of the value given at 72 °C 
(Invitrogen, 2011)). That means that the elongation of a primer just takes a few seconds. The 
effect of   is crucial for understanding the elongation process during annealing, because during 
that phase one enzyme can be used many times. At the higher temperature of 72 °C  most 
probably the binary complexes have been melted, so the enzymes can only elongate the 
tertiary complexes once. The value of   will be discussed in chapter 3.3.3.  
The effect of the depletion of enzymes follows a similar scheme as discussed for the depletion 
of the primers. The above description holds true as long as: 
 

         
                  

(30) 
 
When not enough enzymes are available to form tertiary complexes with all binary complexes 
available we get after elongation: 
 
 

            
    

 
              

    

 
                 

    

 
 

(31) 
 
The efficiency of a PCR step is defined by (  cycle number): 
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3.3.2 Solutions for Real Time Array PCR 

 

Now we consider the hybridization of amplicons, in our case single stranded species  , to 
capture probes immobilized on the array surface. Free species   is consumed by the 
renaturation of species   and species   to dsDNA and by the formation of complexes.  
We model the decrease in bulk concentration of species   by means of a second order reaction 
and the diffusion equation becomes (Fick’s second law (Bird et al., 2002) combined with 
equation (8)): 
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The rate constants   and        are of equal magnitude and during most of the thermal cycles  
      , so the last term of the right hand side of equation (33) can be neglected: 

 
 

   
  

  
 

  

 

  
  

   
  

        

 
(34) 

We can solve for the reaction part: 
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We put as solution for the diffusion equation including the bulk chemical reaction: 
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Where        follows from: 
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With initial condition                   , and the flux condition for    : 
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The solution of the differential equation (37) subjected to initial and boundary conditions (38) 
can be found in (Carslaw and Jaeger, 1959). The concentration as a function of time now 
becomes (   being a short hand writing defined below): 
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And the concentration just above the surface of the dot: 
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The total number of captured targets can be found by integration by parts of (15): 
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The final result reads (with        √     ): 
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3.3.3 Material data 

 

The annealing (forming complexes of dsDNA with primers and renaturation of ssDNA to dsDNA) 
is described by second order reactions.  
For   the Wetmur/Davidson relation (Wetmur and Davidson, 1968) will be used: 
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(43) 
 

This relation holds true under strict conditions (salt concentration 1 M [Na+] and 25 °C below 
the melting temperature). The value of   strongly depends on the salt concentration. The 
number of bases is denoted by  . The value of   is referred to as the complexity, the number of 
base pairs in non-repeating sequences, for short strands:     . The number of nucleotides in 
the amplicons in our analysis is about 100. In case strands of different lengths anneal, the data 
for the shortest should be entered (Anderson, 1999), which is the length of the primers (20-40 
bases) leading to the conclusion that the rate constant for annealing is about 50-70 m3/mol/s 
(somewhat higher values but of the same order of magnitude for comparable cases are 
reported by (Wang and Drlica, 2003)). In our calculation we will use    60 m3/mol/s and for 
the renaturation reaction with strands of 100 bases,          30 m3/mol/s. It should be 
mentioned that these values are supported by experimental evidence, because usually the PCR 
efficiency is close to 100 %, leading to the conclusion that within 120 seconds annealing is not a 
limiting factor. Higher values of   lead to PCR efficiencies even closer to 100 %. 
In (Gao et al., 2006) data are reported that suggest that the surface hybridization reaction is 20-
30 times slower than the bulk reaction, we use here: 
 

                (44) 
 
This factor reflects first of all that because of the presence of the wall of the PCR chamber 
diffusion towards the capture probes is limited to a half space. Moreover the capture probes 
are immobilised to the array surface, and because of steric hindrance the association reaction 
between amplicons and capture probes will be strongly hampered. 
 
One unit is defined as the amount of enzymes which will convert 10 nmoles of dNTP’s to an 
acid-insoluble form in 30 min at 72°C under the assay conditions. From this definition we can 
derive the rate constant for the elongation process (addition of dNTP’s), driven by 1 EU 
polymerase: 
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The value at 55 °C is 40% of the value given above (                               . 

 
A key number in our calculations is the number of Taq enzyme molecules per unit. We refer to 
(Sprangler et al., 2009) and have used 8*1010 enzymes per unit.  Using the definition of a unit 
we can calculate the number of dNTP’s added per unit time, for the number of enzymes per 
unit given here, this number appears to be 42 dNTP/s at 72 °C and 17 dNTP/s at 55 °C. This 
means that for 70 bases to be added it takes 1.67 seconds at the elongation temperature and 
4.2 seconds at 55 °C (anneal temperature). This leads to the conclusion that for 55 °C (anneal 
temperature):       .  
So the apparent number of enzyme molecules that is involved in the elongation process during 
annealing is the number of enzyme molecules per unit times  : 2.3*1012. During the elongation 
phase the temperature is so high that most probably all binary complexes have been melted. 
Tertiary complexes that did not react during annealing will be elongated. The Taq enzymes that 
are freed will not find binary complexes anymore and will be used once.  
 
The value of   , per each dNTP a value of 10-15 *10-3 mol/m3 is found in literature (Landgraf 
and Wolfs, 1993). We have entered 15*10-3 mol/m3. 
 
The diffusion coefficient of single stranded DNA with 100 bases at 55 °C is taken equal to 
(Reinick et al., 2010): 
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4 Results and discussion 

 

The model developed in this paper allows for a parameter study to investigate the influence of 
the different parameters involved around a standard protocol.  
We define as standard protocol an initial load of 250,000 templates, 0.3*10-3 mol/m3 primer 
concentration (both reverse and forward primer), 0.2 mol/m3 dNTP’s (for each of the four 
dNTP’s), 1 EU enzyme load, a decay rate of Taq enzyme activity of 2% per cycle and a zero 
decay rate per cycle for the capture probe activity. Timing is 120 seconds 
annealing/hybridization, 40 seconds elongation and 20 seconds denaturation. Total number of 
cycles equals 60. Material data are listed in paragraph 3.3.3. 
 
Figure 3 shows how the concentrations of different species, such as species  , forward primer, 
Taq enzyme (concentration given as         ) develop during thermal cycling.  

 
 

 
 
 
 
Figure 3  Evolution of concentration of species  , forward primer,           and Taq enzyme  
during thermal cycling for the standard protocol (note that we have given here half the 
concentration of Taq times the reuse factor  , equation (30)). 
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The values of the elongation factor and the PCR efficiency both as functions of the cycle 
number are shown in figure 4. 
 
 

 
 
Figure 4  Elongation factor (defined by formula (26)) and PCR efficiency (defined by formula 
(32)) for the standard case as functions of the cycle number. The elongation factor gives the 
extent to which all available primers in tertiary complexes have been elongated (1 all primers 
elongated, 0 no elongation). The PCR efficiency includes all the effects, such as incomplete 
annealing and renaturation. 
 
 
From figure 3 and 4 we learn several features of the PCR process as modelled in chapter 3. First 
of all looking to the concentration of species   as a function of the cycle number , the general 
behaviour as measured in qRT PCR is observed. For the template load of 250,000 the    value is 
around 20. At a certain moment in time either primers or Taq enzymes are running short for all 
available strands to form binary and tertiary complexes during annealing. That is clearly visible 
in figure 3: the complex concentration increases up to cycle number 25, from cycle number 26 
the complex concentration decreases and follows the apparent Taq concentration curve 
(       ) and from cycle number 29 the complex concentration decreases steeply and 

coincides with the primer concentration curve.  Up to the point where the availability of either 
primers or Taq enzymes becomes the limiting factor for full amplification, the theory developed 
in chapter 3 is valid as far as the concentration of species   and dsDNA as functions of time are 
concerned. From equation (42) which is the result of the analysis of the hybridisation kinetics, 
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we can conclude that the total amount of amplicons captured scales with the concentration of 
free species   at the beginning of the annealing phase. This means that the hybridisation curve 
as a function of the cycle number has the same shape as the amplification curve, provided that 
the capture probes do not wear.  
With reference to figure 4 and formula (26) the elongation factor curve indicates whether the 
enzymes present are able to elongate all the available primers in the tertiary complexes.  From 
cycle number 31 on there are no primers anymore and the elongation process stops. The PCR 
efficiency includes the effect of the elongation factor but also the effects that annealing has not 
been complete and that for higher cycle numbers more and more dsDNA is formed instead of 
complexes.   
 
In figure 5 the concentration profiles above the dot (modelled as a spherical dome) are given.  
 

 
 
Figure 5   Concentration profiles above the dot, modelled as a spherical dome. The distances 
are measured from the dome surface. The times at which the concentration profiles are 
calculated are given in the legend (in seconds). 
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amplicons bind to capture probes.  At the end of the annealing phase the concentration of free 
species   has been reduced to 10%.   
The penetration depth or reach of the diffusion can be estimated by using the following 
approximate formula (Carslaw and Jaeger, 1959; Bird et al., 2002): 
 

       √          (47) 

 
Upon substituting the data of the standard process the reach equals 100 µm measured from 
the surface of the dome, which value complies well with the findings displayed in figure 5.  
We can use this number to estimate the asymmetry in concentrations between species   and 
 . Species   can bind to the surface of the microarray, while species   cannot. With equation 
(42) we can calculate the number of amplicons per cycle that hybridize with capture probes on 
the array surface. With the reach above defined we can calculate the ratio of the concentration 
of hybridized amplicon within reach and the concentration of species   at the start of the 
anneal process by (note that        scales with    ): 
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(48) 
 
 

 
Figure 6  Ratio of number of amplicons reacted with surface probes given as concentration  
within reach and the concentration of species   at the start of the annealing process (48) as 
function of time. The steady state value is 0.0452 (1000 seconds). The shaded area is the time 
window used for fluorescence detection. 
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For our case this ratio appears to be 4.5 % (independent on cycle number as all scales with the 
concentration    ), which implies that asymmetry is small and can indeed be neglected. 
 
The timing of the surface hybridization reaction is shown in figure 6. The timing of the 
hybridization reaction follows the timing of the annealing. Considering equation (36) we can 
define a time constant   given by: 
 

                (50) 

 
In our case       , which means that after 56 seconds about 63 % of the reaction has taken 
place, at double time 86 % and for 120 seconds about 90%.  As shown in figure 6 the 
hybridization reaction has not reached a steady state situation. This means that the measured 
fluorescence within the time window of 20 seconds as indicated, may vary a few per cent when 
measured during the beginning of the time window or at the end.   
 
Around the standard protocol we have carried out a number of numerical experiments to 
investigate the sensitivity of the amplification curve on: 

 Anneal rate (decay enzymes 2%, decay rate capture probes 0%) 

 The initial load of enzymes (decay rate activity enzymes 2%, decay rate capture probes 
0%) 

 Decay rate of capture probes (decay rate activity enzymes 2% per cycle) 

 Dilution tests. 

All results are shown either for the concentration of species   in the bulk (for qRT PCR results) 
or as the fraction of capture probes hybridized with targets out of the solution on a specific 
spot of the microarray (for RTA PCR results). The fraction of targets is a direct measure for the 
fluorescence measured. 
 
Figure 7 shows the effect of a change in anneal rate constant  . Without going into detail the 
salt concentration is an important parameter and must be chosen carefully such that the bulk 
PCR process runs optimally while at the same time the conditions for hybridisation are well 
tuned (Wetmur and Davidson, 1968; Sambrook and Russell, 2001; product information 
Invitrogen, 2011).  
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Figure 7   Influence of fraction of amplicons captured as a function of the anneal rate constant 
 . The anneal rate constant can very strongly depending on the salt concentration of the mix 
used. The values for        and      are chosen relative to   (                     ). For 
values of   higher than 120 m3/mol/s there is no gain in amplification efficiency anymore. 
 
 

During temperature cycling part of the polymerase will lose its activity (Sambrook and Russell, 
2001). As explained earlier in paragraph 3.1 in this paper we will use 2% per cycle in our analysis 
following (Whitney et al., 2004). 
 

As shown in figure 8 the effect of the reduction of the enzyme load may be considerable.  
The    value, however, is hardly dependent on the enzyme load at high and low input 
concentrations.  
 
Not only enzymes may become inactive during cycling, the same may be true for the capture 
probes. The effect on the amplification curves is large as is displayed in figure 9. Remarkable, 
again, is that the effect is small on the    value. 
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Figure 8   Influence of the initial enzyme load on the amplification curves presented as the 
fraction of capture probes immobilized on the array surface hybridized with targets out of the 
solution. The two sets of data indicate the behaviour for a high and a low expression of 
templates initially present in the bulk (see legend).  
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Figure 9  Dependence on the decay rate of the capture probe activity of the number of capture 
probes hybridized with targets out of the solution (given in fraction   with respect to the initial 
situation) at the end of the annealing/hybridization step.  
 
 
Our main result is about what happens when the initial expression of templates is reduced 
(dilution test). Here we have considered two cases, one with 0 % decay of activity of Taq per 
cycle and standard values for the annealing rate constants and another case with 2% decay of 
enzyme activity, 2% decay of capture probe activity and for which the annealing rate constants 
have been reduced. The results are displayed in figures 10 and 11. 
 
The first case may be considered as representative for a standard qRT PCR process, because of 
the tight temperature control, highly temperature stable Taq and the use of plastic vials.  
The second case may be close to the prototype RTA PCR process because of a change in salt 
concentration in order to optimize the surface hybridisation reaction and less stable 
temperature control. Together with surface absorption this causes a gradual decrease of 
enzyme activity. We also have taken into account that the salt concentration may not be 
optimally chosen, causing a significant reduction of the annealing rate constants in the bulk and 
at the surface. Unknown is the decrease in capture probe activity.   
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Figure 10    Results of a dilution test. The amplification curves hold for 0% decay of enzyme 
activity and the standard data for annealing and hybridisation. This case is considered 
representative for qRT PCR with precise temperature control, highly thermo-stable Taq and 
well-tuned salt concentration. 
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Figure 11    Influence of the initial template expression on the amplification curves as measured 
on the array surface. This case is considered to be representative for RTA PCR with a somewhat 
higher melting temperature in the PCR chamber due a less strict temperature control, 
adsorption of enzymes to the wall of the PCR chamber, fouling of capture probes and a slight 
change in salt concentration (   20 m3/mol/s,         10 m3/mol/s,    1 m3/mol/s). 
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5 Conclusions 

 
Real Time Array PCR is a novel biochemical technique to monitor the amplification reaction on a 
microarray surface and thereby determine the    values of a multiple of different templates in 
a PCR sample. It combines the quantitative measurement of real time process data as provided 
by the qPCR method and the high multiplex capability of a microarray based assay. 
 
The collection of targets at the array surface scales with the concentration of labelled species at 
the beginning of the anneal process. At the end of the anneal process the concentration of 
labelled free targets approaches zero, stopping the hybridization reaction. From a detection 
point of view the RTA PCR process and the qRT PCR process deliver similar results. In a qRT PCR 
process using probes that open or are digested upon elongation, the bulk fluorescence is 
detected and recorded as amplification curve during thermal cycling. For the RTA  PCR process 
labelled amplicons hybridize on a spotted microarray surface and the surface fluorescence is 
measured. Due to hybridization of targets on the microarray surface some unbalance between 
sense and antisense strands occurs in a small region above the microarray surface. This effect is 
small and our main conclusion is that the surface fluorescence scales with the bulk 
concentration.  
The timing of the RTA PCR process is such that annealing of binary complexes and the 
formation of tertiary complexes is almost complete. According to our analysis, during the main 
part of thermal cycling elongation, at least up to the    value, elongation is 100%. We also see 
that elongation takes place during the annealing phase, this also causes that the elongation 
process nearly always ends up with full elongation. This is also true for the hybridization 
process. When only free single stranded DNA is able to hybridize on the microarray surface the 
hybridization reaction follows the timing of the annealing process and reaches almost the 
steady state value as well.  
 
Our analysis shows that the    value is only slightly dependent on the initial enzyme load and 
the degradation of the capture probes. The    value, however, does depend strongly on the 
rate constants of the annealing/hybridization reactions in the bulk and on surface. 
 
A main concern is the fouling of capture probes. When capture probes lose in course of the PCR 
process their ability to bind targets out of the solution, the sensitivity of the array based 
method decreases, especially for low expressions. 
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